Island of Stability for Consistent Deformations of Einstein's Gravity 
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We construct deformations of general relativity that are consistent and phenomenologically vi- 
able, since they respect, in particular, cosmological backgrounds. These deformations have unique 
symmetries in accordance with their Minkowski cousins (Fierz-Pauli theory for massive gravitons) 
and incorporate a background curvature induced self-stabilizing mechanism. Self-stabilization is 
essential in order to guarantee hyperbolic evolution in and unitarity of the covariantized theory, as 
well as the deformation's uniqueness. We show that the deformation's parameter space contains 
islands of absolute stability that are persistent through the entire cosmic evolution. 



PACS numbers: 04.50.Kd, 98.80.Jk 

Introduction & Overview — Cosmology encompasses 
the relativistic domain of gravity and allows to investi- 
gate the rigidity of Einstein's theory. Consistent defor- 
mations of general relativity have been investigated at 
the level of linear perturbations on a frozen Minkowski 
background. Fierz and Pauli showed that this system 
allows for a unique deformation satisfying all stability 
requirements for the prize of introducing new degrees of 
freedom corresponding to additional helicities of a mas- 
sive graviton. 

The new degrees of freedom consistently violate the 
principle of equivalence by constituting a source filter 
that decreases the vacuum's weight on space-time in a 
technical natural way, albeit due to a delicate mass term. 
This offers a dynamical mechanism to address the stag- 
gering conflict between naive but educated expectations 
for our vacuum's energy density and a plethora of data 
probing the background expansion history and the evo- 
lution of density perturbations in our Universe at various 
epochs. 

In this Letter we covariantize the Fierz-Pauli mass 
term to a deformation that is capable of coexisting with 
generic cosmological backgrounds. Requiring hyperbolic 
evolution and unitarity allows the covariantized theory to 
inherit the uniqueness property of its Minkowski cousin 
(Fierz-Pauli theory). We show that absolute stability is 
guaranteed via a background induced self-sourcing (feed- 
back) mechanism that is already operational at the linear 
level. 

For realistic cosmological backgrounds the deformation 
of Einstein's theory is characterized by three parame- 
ters and its symmetries agree with those of the Fierz- 
Pauli mass term. The parameter space features a multi- 



facetted stability dynamics: It includes strictly forbid- 
den regions, regions that are consistent but challenged 
through strong coupling, and parameter islands that sup- 
port absolutely stable deformations. 

Framework — At the linear level the leading relevant 
deformation of general relativity can be written as a field 
theory for the combination 

Hp, = V + V(m a *) + V M V„$ . (1) 

Here, h, A, $ are rank-2,1,0 tensors, respectively, under 
full background diffcomorphisms; round brackets around 
indices stand for symmetrization. This parametrization 
corresponds to two successive Stiickelberg completions 
and introduces a U(l) x U(l) gauge symmetry among 
the fields h, A, $. 

The action for H on a spacetime (M,go) reads 

S[H} = \ ( d*x^/\g7\H T [E(g ,V)+M( 9o )]H. (2) 

Here, go denotes the background metric, £(go,\7) is the 
kinetic operator for h, obtained from linearizing the Ein- 
stein tensor around the background go, and V denotes 
the go-compatible covariant derivative. Note that the 
Stiickelberg combination in ([!]) is effectively an element 
of ker[£ (g , V)] , once sources have been supplied. The 
deformation operator is denoted by Ai(go) and is, at this 
stage, of second adiabatic order (given by the number of 
derivatives acting on the background metric) barring pa- 
rameters with inverse mass dimension. 

Uniqueness — The Goldstone-Stiickelberg field $ en- 
ters the gauge invariant combination H with two deriva- 
tives and, therefore, the action ((2l with four derivatives. 
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Without further restricting M (go), the short distance be- 
havior of the deformation would be governed by a higher- 
derivative theory that violates unitarity. A similar con- 
clusion holds for the field A. Now, the necessary and 
sufficient condition on M(go) to yield only second order 
equations of motion for $ and A is M^ ual3 — —M autl13 , 
in addition to the previously-discussed symmetries. 

As a result, to second adiabatic order, the deformation 
operator can be expanded uniquely as 

M^ 3 = ( m l + aR )g Q ^g P]a (3) 

+ /j(itf [ V a + itfV*) +iK avP > 

where the subscript indicates a background quantity, 
a, /?, 7 are real dimensionless parameters, and square 
brackets around indices stand for anti-symmetrization. 
Including terms of higher adiabatic order requires intro- 
ducing further parameters with appropriate inverse mass 
dimension to compensate for the additional derivatives 
acting on go. 

To lowest adiabatic order (a, /3, 7 = 0), M coincides 
with a naively covariantized Fierz-Pauli term and reduces 
precisely to the well-known Fierz-Pauli mass deformation 
on the Minkowski background [4]. 

Stability Analysis — The stability analysis only re- 
quires to determine the roots of the determinant of the 
kinetic operator, c.f. ([2]), which signal the saturation of 
the stability or unitarity bounds [2], respectively. In or- 
der to calculate the determinant of the kinetic operator 
it is useful to completely fix the gauge to h 0fl = and 
Aq = 0. The saturation of the unitary bound is marked 
by the zero crossing of the coefficient in front of the high- 
est power in the temporal component of the momentum, 
which here is k 20 . The stability bound is determined by 
the zero crossing of the coefficient in front of the high- 
est power in the spatial components of the momentum, 
which here is (kokj) 10 . 

In general, we distinguish the following four cases. 
Case 1: Both bounds are satisfied on the entire space- 
time. Hence, the deformation is well-defined at the per- 
turbative level. Case 2: Regions that support both 
bounds are separated from areas where the unitarity 
bound is violated by regions in which the stability bound 
is violated. This situation is called 'self-protected' [2J, 
and which is in accordance with the classicalization mech- 
anism 6J. Case 3: There are spacetime regions on which 
both bounds are satisfied, and these regions have a com- 
mon border with regions where unitarity is violated. In 
this case, the theory must be dismissed, as the unitarity 
violation diagnosed at the linear level cannot be cured by 
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Figure 1: Parameter plot in the a-/3 plane, for mo = 0. 
The green (top center) line corresponds to Case 1, the yellow 
(top left) region to Case 2, the red (right) to Case 3, and the 
black (bottom) region to Case 4- (For mo = Ho the plot looks 
essentially the same.) 

a nonlinear completion. Case 4'- The theory is unstable 
or unitarity violating in the observer's spacetime region. 

Let us specialize to a Friedmann spacetime, go — 
diag(— 1, a 2 , a 2 , a 2 ), where a = a(t) is the scale factor. 
Case 2 corresponds to a situation where a healthy region 
at late times t ("today") is preceded by a stability violat- 
ing one, which always separates the former from a poten- 
tially present but even earlier unitarity violating region. 
Correspondingly, in Case 3 the healthy is preceded by 
a unitarity violating regime without an intermediate un- 
stable phase. For m 7^ but a, 0, 7 = this case never 
occurs [3J. For the Friedmann metric, the Riemann ten- 
sor can be expressed through the Ricci tensor, the Ricci 
scalar, and the background metric. Thus, without loss 
of generality, we can set 7 to zero in ([3|. Remarkably, 
then, and this is our main result, an appropriate choice 
of a and j3 makes the deformation absolutely stable, cor- 
responding to Case 1. (See Fig. [I]) 

To proceed, we parametrize time with the scale fac- 
tor a, which is determined using the observed mixture 
of matter and radiation densities, and the cosmological 
constant [5] as sources for the cosmological concordance 
model. Parametrizing time with the scale factor gives 
the unitarity and stability bound as a polynomial in a. 

We have shown analytically that the interplay between 
both bounds results in /3 = as a necessary condition for 
obtaining absolute stability over the entire cosmological 
expansion history. It turns out that the radiation domi- 
nated epoch restricts the stability dynamics considerably. 
Moreover, we find as a condition for absolute stability 
« < «max < 0, where a ma x depends on the precise mix- 
ture of cosmological sources. The expression for a max is 
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Figure 2: $(() on a purely matter dominated background, 
mo = Ho, and /3, 7 = 0. The dashed blue curve corresponds 
to a — 0, while the solid red line corresponds to the absolutely 
stable situation with a = — 1. 

rather involved and will be presented elsewhere. In ad- 
dition, there is an isolated point of absolute stability in 
parameter space, given by a = mo/(48f2A), /3 = 0, with 
f^A denoting the current relative density parameter of the 
cosmological constant. 

Covariantized deformation parameter — Our results 
show that the models with 

M^(g ) = (ml + aR ) (gf - gf g^) (4) 

yield a completely stable theory if a < a max < 0. It is 
tempting, albeit not quite correct, to think of Q as a 
'running mass' deformation. 

The leading short-distance behavior of the minimal de- 
formation Q is captured by the action 



5[$] ~ J d 4 x y/\go\ $ O^Vu $ 

with the pseudo metric 



(5) 



(V Q m 2 )(V Q m 2 ) , , , 

m 2 

(V*m 2 ) (Vm 2 ) 



2 TJ UV 

m Rq 



(VVm 2 ") - 2 • 



(6) 



where m 2 



aRo ■ For a Friedmann spacetime, the 



action |5]) can be brought into the form 



d 4 x 



A(t)($) 2 + B{t) (V$)' 



(7) 



with known functions A(t) and B(t). A violation of uni- 
tarity/stability is heralded by a sign flip of A/B. 

Fig. [2] shows the dominant short distance degree of 
freedom $(£) for the specified deformation parameters, 



corresponding to a naively covariantized Fierz-Pauli term 
and the covariantized deformation parameter model, 
respectively, as an example for Case 1. As can be seen, 
a static deformation parameter {a = 0) yields a theory 
that is self-protected against unitarity violations by a 
strong coupling regime at the linear level, but is unfit 
from a phenomenological point of view. The running de- 
formation parameter results in a model that is absolutely 
stable and, hence, potentially phenomenologically viable. 

Phenomenology and Applications — The phenomenol- 
ogy of our theory in the solar system will be the same 
as the one of standard massive gravity with mass mo [7] , 
since in this environment we have R = 0. For example, 
mercurys perihelion advance per orbit 5<j) due to the grav- 



ity modification will be given by 5<j> = nr- 



-Xr-h)), 



with e = e~ m ° r (r being the mean distance of mercury 
to the sun). The theory with mo — will yield the 
same phenomenological predictions on the linear level as 
general relativity, and is thus unconstrained from solar 
system experiments. 

However, we will get a modification on cosmological 
scales where the Friedmann expansion applies. Taking 
as a reasonable scale —a ~ 1, the effective graviton mass 
will automatically be in the interesting cosmological do- 
main to 2 ~ H 2 . In our theory, this scale is naturally set 
by a dynamical mechanism and does not have to be put 
in by hand. 

As an application, we consider gravitational waves on 
a de Sitter background with cosmological constant A, the 
equation of motion for the rank-2 tensor is given by 



(m 2 + 4oA) (h MV - g° u h) = ST^ , 



(8) 



where £ is the part of the linearized Einstein tensor con- 
taining covariant derivatives acting on h, and 6T denotes 
the perturbation of a covariantly conserved background 
source. In our case, ST = SAg°, where SA is an addi- 
tional de Sitter source. Clearly, h — C g° is a solution 
of |||, provided C = -5A/[(1 - 12a) A - 3to 2 ], result- 
ing in the total metric field g = (1 + C)g°. The to- 
tal curvature is related to the background curvature as 
R = Rq/(1 + C) w (1 — C)Rq. In general relativity, this 
is R = 4 (A + SA), as expected. In contrast, if the defor- 
mation is operative, then |C| can be smaller (note that 
a < on the stable island), and the resulting curvature 
can be smaller as compared to the previous case. The 
effect of 5 A on the curvature is partially degravitated pQ . 
As a second application, let us calculate the gravi- 
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Certainly, the very important question about a possi- 
ble nonlinear completion of this unique deformation re- 
mains. However, we achieved a consistent covariantiza- 
tion of Fierz-Pauli theory on realistic cosmological back- 
grounds that is kept healthy via a background induced 
self-stabilization mechanism. We are currently working 
on a nonlinear completion. A nonlinear completion of 
the hard mass deformation (a = 0) has been recently 
constructed in a different framework [5]. 



Figure 3: The evolution of hoo{k) at different times for /i = 
= 1 and m = 5. The blue line (upper one) is at t = 0, 
the red line (middle one) at t = 0.4 and yellow line (lower 
one) at t = 1. 

tational potential of a point particle with mass fi on a 
de Sitter background. Parametrizing the scale factor as 
a(t) = exp(y / A/3 t) and defining /too = a 7 / 2 (t) hoo, we 
have 



(d 2 + w(fcp)) h 00 = , 



(9) 



where 



uj 2 (k p ) = k 2 p {t) + m 2 - 3A/4, (10) 

and fc p denotes the physical wavenumber, k p (t) = k/a(t) 
in terms of the comoving wavenumber k. 

Using the WKB approximation, we recover the Yukawa 
potential at early times, t <C l/y/A/3, 

(j, exp(-mr p (t)) 



V(r p ) cx 



(11) 



4^r p (i) 

with r p denoting the physical distance, r p (t) = a{t)r in 
terms of the comoving distance r. 

At late times, t ~ l/yA/3, u; becomes fc p independent 
and the gravitational potential becomes V(r p ) ~ <5 (^p) - 
This shows that in the deformed theory the effective in- 
teraction range of two point particles generically is much 
smaller than their physical distance at late times, see 
Fig. 3. 

Conclusion & Summary — In this letter we have con- 
structed a unique deformation of gravity corresponding 
to a covariantized Fierz-Pauli theory for massive gravi- 
tons that posses islands of absolute stability in its pa- 
rameter space over the entire cosmic expansion history. 
The uniqueness property is a legacy of the deformation's 
Minkowski cousin when requiring classical stability and 
unitarity. We are hopeful that this deformation repre- 
sents an exciting window of opportunity for studying con- 
sistent modifications of gravity on the largest observable 
distances. 
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